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• Asymptotic multiplier ideals
.

• Siu 's invariance of plurigenera .



Siu 's invariance of plurigenera :

some preliminary results
. . .

Lemma (Kodaira ) : X a normal complete variety . D by &

Cartier on X .
Then , for any Cartier trevor M on X , we have

H°lX
. Ox let - M )) to

for l >so.

Theorem (Nadel ) : ✗ smooth pro; .
L by Weil divisor

.

A 2 net divisor on ✗
.

Then .

y
asymptotic molt

ideal of Mt and mzs .

Hill , ②✗
thx + mL + A) ☒ 7111 mL 1111=0 for i > o .

Corollary (globalgeneration ) : In the setting of the

previous
theorem

. If B is a globally generated line bundle on X
.

Then , for any m > 1 ,

①✗ ltrx + nB +At ML I ☒ Y Cmll Lh)

is globally generated , where n - t.mx .

B gg Hi CD- nB ) -0 , then D is gg.



V smooth pny variety. m - th pwnyenera .

Pm (4) = Jim HTV , the Cmtru )) .

birational invariant for smooth projective varieties

It was an open question whether they are constant inter teformibrom

variety of general type = Nx by .

Theorem (Deformation invariance of plurigenera ) :
smooth

pro; morphism R : ✗ → T of smooth

quasi
- pro, varieties .

For tet , Xt denote the corresponding fiber .

Assume each Xt is irreducible & of general type .

Then for every m> s , the plurigenera

Pm (Xo ) = h° ( Xt . Oxtlmkxo ))

are independent of Tet .

Remarks : 1) We can assume T is a smooth curve .

2) Pm (Xt ) are upper semi continuous . in the 2-snow topology.

Fix OET and miss , we want to
prove

Pm (Xo ) £ Pm (Xt)

for any to in some neighborhood of Ost.



Pm" > ← Pm ""

holds on

some neighborhood of oat.

8- T

Remark : Assume Kao is net a big .

By KV vanishing Hi (Xo , Oxo Cmhrxo )) ⇒ ,
i > 0 im > 2 .

=By semicont , we conclude It :(Xt , Oxtcmkxt )) -0 for t neuro.

Them for t near 0
,
Pmlxt ) = ✗ (Xb Oxtcmkxe ))

Thor
, the result follows from deformation invariance of X

.

Remain : for some pso
there exists De lptxol

so that TCXO ,
c-D)⇒ , for c-L

Then Hotel vanishing Hicxo . Oxo Cmkx. )) -0 for m xp
.

which implies Pm (Xt) is loath content near zero.



Proof : Pm = Roillxcmhx ) is a v. b on T

01m11s : Pm cts - Pm @ Act )→ to cxtillatcmhxt))
.

is an isomorphism for t general
We want to show

§mi= olmco) : Pm G)→ 4-10 (Xo
,
Oxo Cmtrxo )) is rq .

Any se PCXo , Oxo Gntsxo )) lifts to

5 c- I CX , Ox Cmkx 2) .

Fix m> 1. , Hss.

[ ( Xillxlmkhx ))→ I(Xo , xolrmrtrxo ))

gives
a grated linear system of ideals on Xo

.

We denote the corresponding multiplier ideal by

J Ctlmhxllo ) : - : TCXO . llmkxllo )



Lemma : y m - pluncsnomal section. .

1-101×0 ,OpÉf• JCIICM - e) Kx Ilo ) ) C-

Im ( H°( Xillxcmkx )) → ,H°( Xo
,
Oxocmkrao ) )

.

any m - plorrcanonical section that vanishes on

J( Him -1)hello ) lifts .

Proof : b= ICX , Oxcpkx )) piso.

fix→ ✗
, log Kowloon of b.y

strict transform of Xo.

b- Oy = Oy C-F) , f-
*

Xo = Kot ItaiEi .

B- (Kumo) - f-• ltrxtxo ) - [ tp F) .
V0 Is V

= Knx - ftp.F] - FaiEi .
to 1 tf
Xo-

h

JCXO ,
11cm - i )K× Ho / = fo,*0xoCBlxo)
-I " Ii

lol- T

h * 0×0 Btf*CmKx ) ) C- 12*0-9×1 .



It suffices to show .
that the map .

b. *l0xlBtfonmKxII-shx@xoCBtfImkxIH.is
surjective §

its sections are m- phenomenal

forms vanity at LCIlcm-s.lk/Ho)

Observe that

d- * (mkx It B - Vo ~ Hwi tf
"

Ccm - a) Kx) - [tpF ] - till .

-

big & Ref over T .

then the relative version of Kawamata - Vichwg vanity
applies to the morphism V→ T gives us the above rrj

☐
.



Review :

Pmcxo ) ⇐ Pmcxt )

!-i
We constructed Jctlmhxllo ) on the central fiber

which mezrro the
sing of the restricted m-johrianom.at section

Any m- phriunonral section on Xo lying on the Nbopue

imom C- 1-10 ( Xo.ba. Cmkxo ))
.

Vanishes along I Cllmhrxllo) by tefmrtoon

The lemma
, on the other hand , shows that

any
sector

d- Hicxo
,
llxolmtxo) ☒ I Clkm -1116×110 ) extends

to Hocx
, Oxcmkx )) .

Aim : Any sc-ICXoioxocmkx.IT Vanishes along
J ( 11cm ⇒ kxllo ) .



TCIIcmiih.no )
memo singularities of the restmfej
th - th plumcanonical section .

JC 11mW✗on )
memo ago

bribes of the

m-thphn-anom.nl section of Xo

HT Xo , Oxolmtrxo )☒T(HmKxoN )) _~ H° ( X. , llmkxolll .

Remains : If TCXo.llmkx.lt ) E Jcxo , 11cm - 1) kxllo ) .

then we win (
approximation of
this containment .



Main claim : There exists ¥4 ,
and Do C-Xo fixed .

J( Xo , 11*18×011 ) ( - Do ) C- T ( Xo , 11 Ckta-1) hrxllo ).
✓

Iµ, any µ , , , momma, then e.µ, ,, ,,aµ,
- 1

vanishes along Do
.

Jcxo , Unrwa 11 ) ) (Xo illnrkllo )

are not so different .

Proof of claim : B very ample
n - dmx

2.Kx + Cnts)B ~ G- 20.

①✗CGI is free

By Kodaira 's Lemm . . aKx - G- ~ Dzo.

We can some D & G contains no fibers .

By construction ☐ + G- - ahrx
.

determines ED C- I CX , ② ✗ Cabo )). vanishes at D

and does not vanish on any fiber
.

Do = Dlxo and Bo = Blxo .



We will prove
*

J( 11*1%11 ) C-Do ) C- TCH# +a -1116×1101 by indoor .

For r -↳ ,
if soffro to show 0×06-0 ) e- Tltlahxllo )

By construction
,
akx - D - G is free

Me 12G enough we have
.

-

TCX . . Do ) - JCXO , 21-(20+14) /xo ) GTCXO - ltahxllo)
.

n

Oxo C-Do)

Assume (A) for tr and prove . y
is globally generated .

①Xo (Chita Kao - Dol ☒ Y Click+a) hrxoll ) C-
(* * I

6×0 ( Chota)K✗o) • I CLICK +a) 16×110 ) .

By gg , it suffices to cheer * B) on global sector .
-

Ckta) - Canonici form on Xo vanity ahoy JCHCKHIKXOH)
☒ 0×01-00](

necessarily vanish along Jcllcrtallrx Hot .

↳
we want



Using A) , we hire the following containment .

T( It ck-thkx.tl/00xoC-Do)EJC11IKxd1JO0xoC-Do1
- •

C- JCHasta - e) Kx Ilo )

if SEICXO , ②xoffktothxo )) Vanishes along
J( Hurts ) kxoll ) @ ①✗☐

too )

then ibÉo-1115×16 )
, then

it lifts so it lies in Imola, C- Holclxolcktakxo ))

then it vanishes along

JCHCks-alkxllod.to?(Clxo(Ckta)Kxo
- Dol ☒ I Click+a) hrxoll ) ) c-

I@* ( cts +a) 16×0) • I CLICK +a) 16×110 ))

I
①Xo (Ckta) Kao - Dol ☒ Y CLICK+a)Nicoll ) C-

6×0 ( cts +a) 16×0) • I CLICK +a) 16×110 ) .
☐

i



We return to the proof of invariance of phrngenen . . .

Main claim : For
any

kid .

TCXO , Hrlrx.lt/C-Do)EICXo.Hcnroa-i)hx1lo )

•31 , Spe ICXO , Oxoloukxo )) and Do C- Xo are fixed

I 0-

SEIKO
, llxolmkxo ))

we want to prove that s vanishes along
JCXO , 11cm -a) kxllo )

Cthen ,
the font homme implies that it lotto ) .

Sl . So C- I ( Xo , ②xocmltalhxo ))

sl vanishes along T ( Hml kx.tl )

so ✗another along Do .

slso vanishes along I Cllmlhrxoll ) C- Do ) C- Oxo



Sl . So C- I ( Xo , ②xocmltalhxo ))

sl vanishes along T ( Hml kx.tl )

so ✗another along Do .

slso vanishes along I Cllmlhrxoll ) C- Do ) C- Oxo
Al 142in clam

I Cllmlkxllo )

A1 robztdih-u.ly .

I ftlmhxllo )
l

.

Sl so c- [ (✗ o , Clxollmltolhxo ) ② YCHmkxll.tl ) , bro

Then s vanish along JlHmKÑ = I Ctlmhxllol .

Jcllmhrxllo ) C- Tcllcm - a) Kx Ilo ) .

s vanishes 9

Then s lifts .

☐ .


